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EXTENSION OF EUCLIDEAN OPERATOR RADIUS 

INEQUALITIES 


MOHAMMAD SAL MOSLEHIAN\ MOSTAFA SATTARI^ AND KHALID SHEBRAWI^ 


Abstract. To extend the Euclidean operator radius, we define Wp for an n-tuples 
of operators (U,... ,T„) inl(J^®) hy Wp{Ti ,... ,U) := sup||,,,||^;i {Y17=i \{TiX,x)\P)'^ 
for p > 1. We generalize some inequalities including Euclidean operator radius 
of two operators to those involving Wp. Further we obtain some lower and upper 
bounds for Wp. Our main result states that if / and g are nonnegative continuous 
functions on [0, oo) satisfying / (t) g{t) =t for all t G [0, oo), then 




[Blf (|T,|) + [A:g^ (lUI) A]’'") 


for all p > 1, r > 1 and operators in 


1. Introduction 

Let M{J^) be the C'*-algebra of all bounded linear operators on a Hilbert space 
(•, •)). The numerical radius of A e B(Jf') is dehned by 

w(A) = sup{|(Ax, x)| : X G Jf", ||x|| = 1}. 

It is well known that w(-) dehnes a norm on which is equivalent to the usual 

operator norm || ■ ||. Namely, we have 

f||/l|| <«,(/!) <||/1||. 

for each A G It is known that if A G B(J^) is self-adjoint, then w(A) = ||A||. 

An important inequality for w(A) is the power inequality stating that w(A’^) < 
w’^(A) for n = 1, 2,.... There are many inequalities involving numerical radius; see 
[2, 3, 4, 10, 11, 12] and references therein. 

The Euclidean operator radius of an n-tuple (Ti,..., r„) G := B(J^) x 
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... X E(Jf’) was defined in [9] by 


\{TiX,x)\^j . 

The particular cases n = 1 and n = 2 are numerical radius and Euclidean operator 
radius. Some interesting properties of this radius were obtained in [9]. For example, 
it is established that 


We{Ti,...,Tn) := sup 

lhll=i 


2^/n 




2 = 1 


We also observe that ii A = 


1 

2 

n 

< We{Ti, ■■■ ,Tn) < 

2=1 


B + iC is the Cartesian decomposition of A, then 


( 1 . 1 ) 


wl{B,C) = sup {\{Bx,x)\'^ + \{Cx,x)\^] 
lhll=i 


sup \{Ax,x)\^ = w'^{A). 
hll=i 


By the above inequality and A*A + AA* = 2{B‘^ + (7^), we have 

— HAM + AA*|| < w^{A) < -||AM + AA*||. 

16 2 

We define Wp for n-tuples of operators (Ti,..., T„) e for p > 1 by 

\{T,x,x)A’ . 

It follows from Minkowski’s inequality for two vectors a = ( 01 , 02 ) and b = ( 61 , 62 ), 
namely. 


/ n 

Wp{Ti, ...,Tn):= sup ^ 
lhll=i Vi=i 


(|oi + 6 i|^ + |o 2 + 62 !^)?’ < (|oi|^ + |o 2 |^)j> + (| 6 i|P + 162 !^)^ for p>l 


that Wp is a norm. 

Moreover Wp,p > 1, for n-tuple of operators (Ti,..., Tn) G satisfies the 

following properties: 

{i) Wp{Ti,... ,Tn) = 0 ^ Ti = ... = Tn = 0. 

(ii) Wp (ATi,..., XTn) = |A| zop (Ti,..., Tn) for all A G C. 

(hi) Wp (Ti + Ti',...,Tn + Tn) < Wp (Ti,..., Tn)+Wp (Ti)..., for (Tb, ...,Tn)e 

(iv) Wp{X*TiX,...,X*TnX) < ||W||"«;p(Ti,...,r„) for Af G B(7^). 

Dragomir [1] obtained some inequalities for the Euclidean operator radius We{B, C) 
sup|| 3 ,||^;^ {\{Bx, x)p + \ {Cx, x)p) 2 of two bounded linear operators in a Hilbert space. 
In section 2 of this paper we extend some his results including inequalities for the 
Euclidean operator radius of linear operators to Wp {p > 1). In addition, we apply 
some known inequalities for getting new inequalities for Wp in two operators. 











EXTENSION OF EUCLIDEAN OPERATOR RADIUS INEQUALITIES 


3 


In section 3 we prove inequalities for Wp for n-tuples of operators. Some of our result 
in this section, generalize some inequalities in section 2. Further, we hnd some lower 
and upper bounds for Wp. 

2. Inequalities for Wp for two operators 

To prove our generalized numerical radius inequalities, we need several known 
lemmas. The hrst lemma is a simple result of the classical Jensen inequality and a 
generalized mixed Cauchy-Schwarz inequality [7, 8, 6]. 

Lemma 2.1. For a,b > 0, 0 < a < 1 and r ^ 0, 

(a) < aa+ {1 — a)b < [aa^ + (1 ~ ^ for r >1, 

(b) If A G \{Ax,y)\‘^ < (| y) for all x,y G 

where l^l = {A*A)^. 

(c) Let A G E(Jf'), and f and g be nonnegative continuous functions on [0,oo) 
satisfying f (t) g{t) = t for all t G [0, cxo). Then 

\{Ax,y)\<\\f{\A\)x\\ \\g{\A*\)y\\ 

for all x,y E 

Lemma 2.2 (McCarthy inequality [5]). Let A G B(Jf'), A> 0 and let x G 
be any unit vector. Then 

(a) {Ax, xY < {A"^ X, x) for r>l, 

(b) {A''x,x) < {Ax,xy for 0 < r < 1. 

Inequalities of the following lemma were obtained for the hrst time by Clarkson[7]. 
Lemma 2.3. Let X be a normed space and x,y G X. Then for all p > 2 with 

p q ’ 

(a) 2{\\xr+\\yrY-^<\\x + yr+\\x-yr, 

(b) 2{\\x\\P + Ibf) < ||x + y\\P + ||x - y\\P < 2p-Y\\x\\p + \\y\\P), 

(c) ||x + y\\P + ||x - y\\P < 2{\\xp + ||2/||T"^- 
//1 < p < 2 the converse inequalities hold. 

Making the transformations x -E- and y —)■ we observe that inequalities (a) 

and (c) in Lemma 2.3 are equivalent and so are the hrst and the second inequalities 
of (b). First of all we obtain a relation between Wp and for p > 1. 
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Proposition 2.4. Let B,C E Then 

Wp {B, C) < Wq {B, C) < 2~i~pWp {B, C) 
for p > q > 1. In particular 

Wp {B, C) < We (-B, C) < 2^~pWp {B, C) (2.1) 

for p> 2, and 

2^~pWp {B, C) < We {B, C) < Wp {B, C) 

for 1 < p < 2. 

Proof. An application of Jensen’s inequality says that for a,b > 0 and p > q > 0, 
we have 

(a^ + If )p < (a^ + W)'i . 

Let X G be a unit vector. Choosing a = \{Bx,x) \ and h = |(C'a:,x)|, we have 

^ I {Bx, x) 1^ + I (Cx, x) 1^ j < ^1 {Bx, x) 1"^ + I (Cx, x) I'' j \ 

Now the hrst inequality follows by taking the supremum over all unit vectors in 
A simple consequence of the classical Jensen’s inequality concerning the convexity 
or the concavity of certain power functions says that for a,6>0,0<a!<l and 
p > q, we have 

(oa^ + (1 — a) 6'^)^ < {aa^ + {1 — a) If )p . 

For a = |, we get 

+ <2-^~p {aP + If )K 

Again let x G be a unit vector. Choosing a = \ {Bx, x)| and b = \ {Cx, x)| we get 

^ |(i?x,x)|^ + |(C'x,x)|'^ j ^ |(i?x,x)|^ + |(Cx,x)|^ 

Now the second inequality follows by taking the supremum over all unit vectors in 

je. □ 

On making use of inequality (2.1) we hnd a lower bound for Wp {p>2). 
Corollary 2.5. If B,C G then for p> 2 

Wp{B, C) > 2 p-^\\B*B + C*C\\I . 
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Proof. According to inequalities (1-1) and (2.1) we can write 

w,(B,C)>^\B-B + C-C\\i 

and 

Wp{B,C) > 2p~^We{B,C), 

respectively. We therefore get desired inequality. □ 

The next result is concerned with some lower bounds for Wp. This consequence 
has several inequalities as special cases. Our result will be generalized to n-tuples 
of operators in the next section. 

Proposition 2.6. Let B,C ^ Then for p > 1 

Wp{B, C) > 2 p~^ max {w{B + O), w{B — C)). (2.2) 

This inequality is sharp. 

Proof. We use convexity of function f{t)=P{p>l) as follows: 

{\{Bx,x)\^ + \{Cx,x)f’)p > 2 p~^{\{Bx,x)\ + |(C'a;,x)|) 

> 2p~^\{Bx.,x) ± {Cx,x)\ 

= 2^-\{B±C)x,x)\ . 

Taking supremum over x G ^ with ||x|| = 1 yields that 

Wp{B, C) > 2 p~^w{B ± C). 

For sharpness one can obtain the same quantity 2pw{B) on both sides of the in¬ 
equality by putting B = C. □ 

Corollary 2.7. If A = B + iC is the Cartesian decomposition of A, then for all 

p>2 

Wp{B, C) > 2F-1 max {\\B + C\\,\\B- CH), 

and 

w{A) > 2F“^max (||(1 — i)A + (1 + f)A*||, ||(1 -|- i)A + (1 — *)A*||) 


Proof. Obviously by inequality (2.2) we have the hrst inequality. For the second we 
use inequality (2.1). □ 
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Corollary 2.8. If B,C G then for p > 1 

Wp{B,C) > 2 p~^ iaax{w{B),w{C)}. (2.3) 

In addition, if A = B + iC is the Cartesian decomposition of A, then for p>2 
w{A) > max (HA + A*||, ||A — A*||). 

Proof. By inequality (2.2) and properties of the numerical radius, we have 
2wp{B, C) > 2v-\w{B + C) + w{B - C)) > 2p-^w{B + C + B - C). 


So 

Wp{B,C) > 2p~^w{B) . 

By symmetry we conclude that 

Wp{B,C) > 2 p~^ max{w{B),w{C)). 

While the second inequality follows easily from inequality (2.1). □ 

Now we apply part (b) of Lemma 2.3 to hnd some lower and upper bounds for 

Wp {p > 1 ). 

Proposition 2.9. Let B,C ^ M{J^). Then for all p >2, 

(i) 2p~^Wp{B + C, B — C) < Wp{B, C) < 2~pWp{B + C, B — C); 

(ii) 2p“^ {wP{B + C)+ wP{B -C))^ < Wp{B, C) < 2"p {wP{B + C) + wP{B -C))K 
If 1 < p < 2 these inequalities hold in the opposite direction. 


Proof. Let x G be a unit vector. Part (b) of Lemma 2.3 implies that for any 

p >2 

2^-P{\a + h\P + |a - h\P) < \a\P + \b\P < ^(|a + b\^ + \a - b\^) ■ 

Replacing a = | {Bx, x) \ and b = | {Cx, x) \ in above inequalities we obtain the desired 
inequalities. □ 


Remark 2.10. In inequality (2.3), if we take B + C and B — C instead of B and 
C, then for p > 1 

Wp{B + C, B — C) > 2 p~^ max{w{B + C), w{B — C)} . 

By employing the hrst inequality of part (i) of Proposition 2.9, we get 
Wp{B, C) > 2 p~‘^ Yn.ayi{w{B + C), w{B — C)} 
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for p > 1. 

Taking B + C and B — C instead of B and C in the second inequality of part (ii) 
of Proposition 2.9, we reach 

Wp{B + C,B-C)< 2^-1 {wP{B) + wP{C)y . 


for all p > 1. 

Now by applying the second inequality of part (i) of Proposition 2.9, we infer for 
p > 1 that 

Wp{B, C) < 2^-p {wP{B) + wP{C))p . 

So 


2i"^ max{w{B + C),w{B - C)] < Wp{B, C) < 2^"i {wP{B) + wP{C))p . 


Moreover if B and C are self-adjoint, then 

2i-2 niax{||i? + CII, \\B-C\\}< Wp{B, C) < 2'-| (||i?r + ^11")^ 


for all p > 1. 


In the following result we find another lower bound for Wp (p > 1). 


Theorem 2.11. Let B,C Then for p>l 

Wp{B,C) > 2 p-^w^B^ + C^). 

Proof. It follows from (2.2) that 

2p~^w\B±C) < wl{B,C). 

Hence 

2wl{B, C) > 2i“2 [w\B + C) + w\B - C)] 

> 2i-2 [w {{B + Cf) +w{{B- Cf) ] 

> 2l“2 [w {{B + Cf + {B- Cf) ] = 2l-^w{B^ + Cf . 

It follows that 


Wp{B,C) > 2p-^w"^{B^ + Cf. 


□ 
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Corollary 2.12. If A = B + iC is the Cartesian decomposition of A , then 

Wp{B,C) > 2-p-^\\B^ + . 

And 

w{A) > 2 p~^\A*A + AA*\\i. 

for any p >2. 

Proof. The first inequality is obvious. For the second we have ^4*^4 + ^4^4* = 2{B‘^ + 
(7^). Now by using inequality (2.1) the proof is complete. □ 

Corollary 2.13. If B,C G then for p>2 

Wp{B, C) > 2-p~^w'^ {B^ + C^) . 


Proof. By choosing B + C and B — C instead of B and C in Theorem 2.11 and 
employing part (i) of Proposition 2.9 we conclude that the desired inequality. □ 

The following result providing other bound for Wp {p > 1) may be stated as 
follows: 

Proposition 2.14. Let B,C ^ Then 

fB + C B-C\ 

Wp{B, C) < Wg ( ^ ^ 1 • 

for any p>2,l<g<2 with 4 + 4 = 1. If 1 < p < 2, the reverse inequality holds. 
Proof. Let x G be a unit vector. Part (a) of Lemma 2.3 implies that 

\a\P + \h\P < 2T^ (|a + 61" + |a - 6|")^ . 


So 


(|a|^ + \b\^)p < 2p(i-‘j) (|a + + |a — 6|")p{'?-i) . 

Now replacing a = {Bx, x) and b = {Cx, x) in the above inequality we conclude that 


{\{Bx,x)f’ + \{Cx,x)f’)p < 


B + C 


X, X 


+ 


B-C 


X, X 


By taking supremum over x G with ||a;|| = 1 we deduce that 

.'B + C B-C' 

Wp{B, C) < Wg 


( 2 . 4 ) 


for any p>2,l<g<2 with 4 -|- 1 = 1. 


□ 
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Corollary 2.15. Inequality (2.4) implies that 
Wp{B,C) < (w^ + 


for any 1 < q < 2,p > 2 with ^ ^ = 1. Further, if Band C are self-adjoint, then 

w,(B,C)<l{\\B + CT+\\B-Cr)'■ 

If 1 < p <2, the eonverse inequalities hold. 

Corollary 2.16. If B,C G then 

'B + C B-C 


Wa 


< 2PWr, 


B + C B-C 


for all 1 < p < 2 with ^ + ^ = 1. If p > 2, the above inequality is valid in the 
opposite direetion. 


Proof. By Proposition 2.14 we have 

'B + C B-C 


VJn 


< Wp{B, C). 


for all 1 < p < 2 with ^ ^ = 1. Proposition 2.9 follows that 


Wp{B, C) < 2 p ^Wp{B + C,B — C) = 2pWp 


B + C B-C 


We therefore get the desired ineqnality. 


□ 


3. Inequalities of Wp for n -tuples of operators 

In this section, we are going to obtain some nnmerical radins ineqnalities for n- 
tnples of operators. Some generalization of ineqnalities in the previons section are 
also established. According to the dehnition of nnmerical radins, we immediately 
get the following donble ineqnality for p > 1 

( n \ p n 

<Y,w{T,). 

i=l / i=l 

An application of Holder’s ineqnality gives the next resnlt, which is a generalization 
of ineqnality (2.2). 
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Theorem 3.1. Let (Ti,...,T„) G and 0 < ai < 1, i = 1,.. .n, with 


= 1. Then 

2 = 1 


Wp{Ti,..., Tn) >w[ai ^ Ti ± Q!2 ^2 ± ... ± ^Tn 


for any p > 1. 

Proof. In the Euclidean space M” with the standard inner product, Holder’s inequal¬ 
ity 

n / n \ ^ ^ 


2=1 


, 2=1 


. 2=1 


holds, where p and q are in the open interval (1, cxo) with 1 1 = 1 and (xi,..., x,i), 

(i/i,..., i/n) e M". For (i/i,..., = (al al ) we have 


2=1 


1 --!- 


p / n 


< I \xi 

2=1 


E 

.1=1 


a, 


q\ <1 


Thus 


n \ p n 

p\ > 


2=1 


Ei-<n sE 

V i=l / 

Choosing Xi = \{TiX, x) |, i = 1,... n, we get 

^ n 


i-i 

Oj ^ Xi 


V 2=1 


sE 

2 = 1 


1-i 

Oj ^TiX,x 


> 


i-i 


i-J 


i-J 


^Tix,x)±(a 2 ’"T 2 X, x ) dz ... it [ an ^TnX,x 


ai ^Ti ± 02 ^T2±...±an ^Tji)x,x 


Now the result follows by taking the supremum over all unit vectors in JiP. □ 

Now we give another upper bound for the powers of Wp. This result has several 
inequalities as special cases, which considerably generalize the second inequality of 
( 1 . 1 ). 
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Theorem 3.2. Let (Ti,..., Tn ), {Ai ,..., An ), (i?i,..., Bn) G M(J^)^A and let f 
and g be nonnegative continuous functions on [0, oo) satisfying f (t) g (t) = t for all 
t G [0, cxo). Then 


w;p {AlTiBi 


A*T R 


j<i 


n 

J2{ [B:f m) + [A:g^ (|7i*i) a,y^) 


for p > 1 and r > 1. 


Proof. Let x G be a unit vector. 


2 = 1 


n 

= 'Y^\{TiBiX,Aix)f 
2=1 
n 

< '^\\f {\Ti\) Bix\Y \\g {\T*\) Aix\Y (by Lemma 2.1(c)) 

2 = 1 
T2 

= (/ (|T,|) B,x, f (|r,|) (|7;*|) g (|7)*|) ' 

2=1 
n 

= Y, TIP (T.l) BtX, x)‘ (AV (IUI) AiX,x)‘ 


2=1 

n 


< 


m) B.f x,xY {(Algn\T;\)AiY x,xY 


2=1 


(by Lemma 2.2(a)) 


2 = 1 


£ E (9 + ((AT(IUI)T)D.i>’ 


< 


2 = 1 


< 


(by Lemma 2.1(a)) 

E (? {{(Btfm) BtY” + (AYf (|r;i) a.Y”) x, x) 

(by Lemma 2.2(a)) 

^ 'E (ir,|) B,)'^ + (a¥( lUI) T)’^)) x,x 

2 = 1 
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Thus 


Y,\{A1TiB,x,x)\' 


. ^=1 


< 


({BtPm)Bi)”‘+(A‘g^\T;\)A,y<‘) x,x 


. i=l 


Now the result follows by taking the supremum over all unit vectors in □ 

Choosing A = B = I, we get. 

Corollary 3.3. Let (Ti,..., T^) G and let f and g he nonnegative contin¬ 

uous functions on [0, cxo) satisfying f (t) g{t) = t for all t G [0, cxo). Then 






2=1 


for p>l and r > 1. 

Letting f it) = g (t) = we get. 

Corollary 3.4. Let (Ti,... ,r„), (Ai,..., , {Bi,..., Bn) are in Then 

1 


w;P{AlT,B,,...,A*^TnBn)<- 


i=l 


+ (Al\T;\Ai 


,rp 


for p > 1 and r > 1. 

Corollary 3.5. Let (Ai, ..., An) , (i?i, ..., Bn) G . Then 

1 " 


{AIB„ ..., A^Bn) < 

for p> 1 and r > 1. 

Corollary 3.6. Let (Ti,..., Tn) G 


2 = 1 


J^UB.y” + \Ai 


2rp 


"■b Then 


2=1 




2ap I irT-i* I 2(1 —q:)p 


for 0 < a < 1, and p > 1. In particular. 




Ed^'i'+iEr; 


2=1 
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Corollary 3.7. Let B,C E Then 


wi 




\B 


2ap 


\B 


* |2(1—a)p 


+ 1^1^“^+ |C 


* |2(1—a)p 


for 0 < a < 1, and p > 1. In particular. 

wP {B, C)<]^ II + \B*f’ + |C|^ + 1(7*1^11 . 

The next results are related to some different upper bounds for Wp for n-tuples of 
operators, which have several inequalities as special cases. 

Proposition 3.8. Let (Ti,..., r„) G Then 


Wp (Ti,. 



(|rT“ + \t; 


|2(l-a) 


p 


i=l 

for 0 < a < 1, and p > 1. 

Proof. By using the arithmetic-geometric mean, for any unit vector x G we have 


\{TiX, 

x)^ < 

E{( 

CM 

|2(1- 

-a) \ 2 \ 

x,x) j 

i=l 


i=l 



' J 






(by Lemma 2.1(6)) 


< 

1 ” 

2p2_^ 

i=l 


in 



= 

n 

-y 

i=l 



)x,x)\ 


< 

n 

-Y 

2=1 


-a)' 

j X, x^ 


(by Lemma 2.2(a)) 


Now the result follows by taking the supremum over all unit vectors in Jif. □ 
Proposition 3.9. Let (Ti,..., T„) G B(^)(’"). Then 


Wp{Ti,...,Tn) < 


E(“Tr+(i 

i=l 


a] 




'* \p^ 


for 0 < a < 1, and p > 2. 


1 

P 
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Proof. For every unit vector x G we have 

n 

Y^mx.x)\^ 

i=l 

n 

i=l 

n p 

< ^ X, x) X, j ^ (by Lemma 2.1(6)) 

i=l 
n 

< ^(|rj|"^x,x) X, x^ (by Lemma 2.2(a)) 

2=1 

n 

< ^ (iTil^x, x)" (|Tt|^x, (by Lemma 2.2(6)) 

2=1 

n 

— x) + (1 — a) (|Tt|^x, x) j (by Lemma 2.1(a)) 

2=1 
n 

2=1 

^ (« \Tif + (!-«) |7)*|P) I X, X 
i=i / 

Now the result follows by taking the supremum over all unit vectors in 




Remark 3.10. As special cases, 

(1) For a = we have 

n 

^(ir,r+ii’-r) . 

2=1 

(2) For B,C E B(J^), 0 < a < 1, and p > 1, we have 

w;{B,C) < \\a\Bf + {1 - a)\B*f + a\Cf + {1 - a)\C*f\\ . 
In particular, 

«.PB, C) < 1IIIBI” + |B*r + ICI'+ ICTII. 

The next result reads as follows. 



□ 


Proposition 3.11. Let (Ti,..., Tn) G 0<Q!<l,r>l and p> 1. Then 


Wp{Tu...,Tx,) < 5^|la|r,|2’' + (l 

Vi=i 
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Proof. Let x G be a unit vector. 

n 

i=l 

n 

= {\{TiX,x)fY 

i=l 

n p 

< ^ (by Lemma 2.1(b)) 

i=l 

n p 

< ^ T, (|r/|^ X, x)*'^ j ^ (by Lemma 2.2(f))) 

i=l 

n _p_ 

— (1^*1^ + (1 ~ (by Lemma 2.1(a)) 

i=l 

n _p_ 

— x) + (1 — a) {\T*Y X, x) j (by Lemma 2.2(a)) 

i=l 

n 

<^{{oi\TiY + (^-a) \T*Y)x,x)^^ . 

i=l 

Now the result follows by taking the supremum over all unit vectors in J^. □ 

Remark 3.12. Some special cases can be stated as follows: 

(1) For a = |, we have 


/ 1 p\^ 

(2) For B,C & M(Jif),0 < a < 1, and p > 1, we have 
Wp (B, C) 

< (||a \bY + (1 - a) + ||a \CY + (!-«) |C'*|'’'||" 


In particular, 

Wp(B,C) < ^ (|||R|''’ + + |||(F|'’' + 


1 

P 
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